The WKB approach for finding quasinormal modes of black holes, suggested in [1] by Schutz and Will at the first order and later developed to higher orders [2] [3] [4] , became popular during the past decades, because, unlike more sophisticated numerical approaches, it is automatic for different effective potentials and mostly provides sufficient accuracy. At the same time, the seeming simplicity of the WKB approach resulted in appearance of a big number of partially misleading papers, where the WKB formula was used beyond its scope of applicability. Here we review various situations in which the WKB formula can or cannot bring us to reliable conclusions. As the WKB series converges only asymptotically, there is no mathematically strict criterium for evaluation of an error. Therefore, here we are trying to introduce a number of practical recipes instead and summarize cases in which higher WKB orders improve accuracy. We show that averaging of the Padé approximations, suggested first by J. Matyjasek and M. Opala [4], leads to much higher accuracy of the WKB approach, estimate the error and present the automatic code [5] which computes quasinormal modes and grey-body factors.
I. INTRODUCTION
Quasinormal modes are characteristics of the late time response of a black hole to perturbation. Dominant quasinormal modes are clearly seen in the gravitational wave signal from black holes or other compact objects at late times. Therefore, they have been observed in recent series of experiments by LIGO/VIRGO collaborations [6] . Calculations of quasinormal modes with high accuracy is an important task aimed at constraining possible gravitational theories and testing the regime of strong gravity.
There are a few numerical approaches designed to find quasinormal modes with any desired accuracy (see [7] for a review of methods), which are based on convergent procedures. However, they require analysis of singular points of master differential equations, representing wave dynamics of a compact object. This analysis is frequently non-trivial and, what is more important, different for different spacetimes. Therefore, each time a numerical procedure must be developed separately, case by case. Therefore, an automatic procedure which on one side would be unaltered for various master wave equations and on the other provide sufficient accuracy were appealing.
The first simple semi-analytic formula for finding quasinormal modes was suggested by B. Mashhoon [8] TABLE I. WKB formula for the potential barrier problem with two turning points at different orders.
in 1984. It was based on the matching the effective potential by the inverse Pöschl-Teller potential [9] , but the accuracy for lower multipole numbers was rather bad. A fruitful idea was developed by B. Schutz and C. Will a year later. They used the WKB expansions at both asymptotic regions, near the event horizon and at infinity, and matched them near the peak of the effective potential with the Taylor expansion. Surprisingly, already at the first WKB order [1] this reproduced the dominant gravitational quasinormal modes with the accuracy of about 6%, while the third order extension by S. Iyer and C. Will [2] improved the accuracy for the fundamental mode up to fractions of one percent. The WKB formula developed in [1] and [2] works well once ℓ ≫ n, where ℓ and n are the multipole and overtone numbers respectively. Therefore, the fact that the lowest dynamical mode for gravitational perturbation of the Schwarzschild black hole corresponds to ℓ = 2 was a lucky moment, which was lost once more complex configurations, for example with a scalar field, were taken into consideration [10] . Thus, for ℓ = 0, n = 0 modes corresponding to perturbations of a scalar field the relative error was about ten percents at the third WKB order. Extension of the formula to the sixth order allowed to diminish the relative error for a number of cases by quite a few times or even orders [3] . Nevertheless, in many cases the WKB formula did not allow one to compute n ≥ ℓ modes with satisfactory accuracy and it was not clear whether further extension in orders will be effective, as the WKB series is known to converge only asymptotically. Therefore, alternative semianalytical approaches, such as phase-integral treatment [11] , were proposed.
Despite WKB approach frequently works better than it is expected, it does not guarantee convergence in each order. The great increase of the accuracy of WKB approach has been recently provided by the usage of the Padé approximation (by J. Matyjasek and M. Opala [4] ) which helps to guess the asymptotic behavior of the WKB series. In [12] the WKB approach was extended to the case of three turning points, which included a massive scalar field, while in [13] the WKB formula was applied to a massive scalar field in the Schwarzschild and Kerr backgrounds for the first time. The reflection/transmission coefficients for the scattering problem in various backgrounds were found with the help of the higher order WKB method in [14] . The summary of publications on developing the orders of the WKB formula is given in table I.
The WKB formula developed and extended in the above works have been applied to finding of quasinormal modes of black holes and other compact objects in hundreds of publications. Only the list of the past few years includes about a hundred works (see, for example [15] and references therein). At the same time among these publications there are a lot of works in which the WKB method is either not properly used or misleading conclusions made from the performed computations. One of the most popular mistakes is when an observed effect is smaller or of the same order as an expected error of the WKB formula. Another common mistake is to claim that the obtained WKB spectrum of an object proves the stability. Sometimes the WKB formula developed for effective potentials with two turning points is applied to those with three and more turning points, what sometimes lead to much less accurate or even misleading results.
Therefore, in the present paper we would like to consider the state-of-art of the WKB approach suggested by B. Schutz and C. Will, review plenty of qualitatively different situations, such as superradiance, quasiresonances, instability, charged fields and higher dimensions and overtones, etc., in which WKB formula can or cannot be used. Also we give a number of practical recipes for usage of the WKB approach, error estimation, and present the automatic Mathematica R code [5] which finds quasinormal modes and grey-body factors at a required WKB order up to 13th.
The paper is organized as follows. In Sec. II we outline general properties of the WKB formula for quasinormal modes and transmission/reflection coefficients. Sec. III is devoted to application of the above formula to static spherically symmetric black holes. Sec. IV discusses further improvement of the WKB approach by using Padé approximants. In Sec. V we review situations in which WKB formula cannot be applied or should be used with reservations. These are: analysis of instability, calculations of the long-lived quasinormal modes of massive fields (quasiresonances), superradiance, calculations of higher overtones, probing spacetimes with non-constant asymptotics of the effective potentials. In Sec. VI we apply the WKB formula at higher orders to a number of cases studied before and review our observations related to the accuracy of the method. We also discuss in details possible ways of the error estimation. Finally, in Sec. VII we summarize the obtained results and mention important open questions.
II. WKB FORMULA
The WKB formula is appropriate for solving a wavelike equation,
with the effective potential U (x, ω), which depends on a frequency of the wave ω = 0 1 and has a form of potential barrier with a single peak, approaching negative constants as x → ±∞ (see fig. 1 ). When the effective potential is asymptotically constant, any solution to the equation (1) in the asymptotic regions is a superposition of the ingoing and outgoing waves.
Conventionally, we shall assume that the time dependence of the perturbation function is given by the factor ∝ e −iωt . Hence, the wave is ingoing, when
and the wave is outgoing, when
where the asymptotic wave numbers k ± (ω) are positive, satisfying the dispersion relations
When studying black-hole perturbations the wavelike equation (1) is usually obtained with respect to the socalled tortoise coordinate, which is defined in such a way that x → ∞ corresponds to spacial infinity and x → −∞ to the event horizon.
The WKB formula is based on matching of the asymptotic solutions, each of them being a superposition of (2) and (3), with the Taylor expansion around the top of the potential barrier x = x 0 through the two turning points, which are zeroes of the effective potential U (x, ω). In this way, it is possible to relate the ingoing and outgoing amplitudes through the linear transformation, i. e. calculate S-matrix, which depends on the value of the potential in its maximum U 0 (ω) = U (ω, x 0 ), and its higher derivatives
, . . .
(see e. g. [7] for details). Finally, one finds that
is the correction of order k to the eikonal formula. Using (4) one can calculate the reflection and transmission coefficients, R and T , for the scattering problem defined as follows:
In particular, when the effective potential is real, K is a purely imaginary constant related with the reflection and transmission coefficients in the following way [2] ,
|T
2 The first derivative U 1 (ω) = 0 in the maximum.
The corrections A k (K 2 ) are polynomials of the derivatives U 2 , U 3 , . . . U 2k , and K 2 with rational coefficients, divided by the appropriate power of U 2 and do not depend on U 0 .
3
Their explicit form can be found in [5] . It is important to note here that the eikonal formula provides the unique solution for K,
so that the higher-order terms should be considered as corrections to this eikonal formula. We notice that equation (4) of order k has precisely k solutions for a given ω, which determine K. The solution which represents the correction to the eikonal formula is usually given by the nearest root to that of the eikonal formula. Quasinormal modes are eigenfrequencies ω, for which the solution is a purely outgoing wave at spacial infinity and purely ingoing wave one the event horizon [7] . Quasinormal modes can be obtained within the WKB approach by analytic continuation of the S-matrix to the complex plane. The complex eigenfrequencies correspond to the poles of Γ −K + 
Note that, when K is given by (9) , denominators of (6) and (7) vanish, which is a consequence of the fact that the quasinormal modes are poles of the reflection and transmission coefficients.
In the general case one can compute the quasinormal frequencies using the formula (4) . First, one should fix all the parameters in the effective potential. Then one can find the value of x 0 at which U attains maximum as a numerical function of ω and, substituting it into the formula (4), one computes ω for each K given by (9) with the trial and error way. However, for spherically symmetric black holes, the effective potential depends on the frequency, in most cases, simply as
. Therefore we will consider this particular case the next section in more detail.
III. SPHERICALLY SYMMETRIC BLACK HOLES
In order to illustrate the main properties of the WKB formula and to test its accuracy, we will consider spherically symmetric black hole, given by the line element
3 The denominator of A k is proportional to (U 2 ) m , where m is a positive integer, m =
where Ω D−2 is the line element on a unit (D − 2)-sphere. The tortoise coordinate is defined as
so that x → ∞ corresponds to spacial infinity or de Sitter horizon and x → −∞ corresponds to the event horizon of the black hole. Any type of linear perturbations, either gravitational or of test fields of various spin and mass propagating in the black-hole background, can be represented as a superposition of multipoles on the (D − 2)-sphere, whose dynamics can be reduced to a set of wavelike equations. If the final set of equations can be decoupled, the effective potential usually has the form
where
where the constant µ 2 is square of the field mass, corresponding to the usual dispersion relation for the field far from the black hole,
and
In order to have an agreement with the initial definition of the ingoing (2) and outgoing (3) waves, we define k ± in (15) and (16) in such a way that Re(k ± ) > 0. It is worth noting that the effective potential U (x, ω) cannot be represented in the form (12) , not only when considering axisymmetric background, but also for a charged scalar field in the background of the electrically charged spherically symmetric black hole [18] . Although the WKB formula can be applied for these cases, one should keep in mind that, as a rule, the dispersion relation on the horizon differs from (16) . The WKB formula (4) remains valid only when Re(k − ) and Re(ω) are of the same sign. That is why, for instance, the WKB formula needs modifications when studying phenomenon of superradiance (see Sec. V).
Since derivatives of the potential (12) do not depend on ω, we observe that, in spherically symmetric background, the WKB formula (4) provides a closed form for the quasinormal frequencies,
where K takes halfinteger values (9), and V 0 , V 2 , V 3 . . . are, respectively, the value and higher derivatives of the potential V (x) in the maximum, which appear on the righthand side of (17) and do not depend on the value of ω. Note, that increasing of the WKB order does not always lead to a better approximation for the frequency. In practice, for a given potential, there is some order, when the WKB formula (17) provides the best approximation, and using of higher-order formula increases the error. Usually, two sequential orders are compared, in order to estimate the error of the WKB formula approximation. However, it is easy to see from (17) that, for the real effective potential V (x), each WKB order correction affects either real or imaginary part of the squared frequencies. That is why, for the error estimation for ω k , obtained with the WKB formula of the order k, we use quantity
In Sec. VI we show that ∆ k provides a very good estimation of the error order, usually satisfying,
where ω is the accurate value of the quasinormal frequency. In order to compare results for various potentials and modes, we also use relative error of the WKB formula of the order k,
IV. FURTHER IMPROVEMENT OF THE WKB FORMULA ACCURACY
In order to increase accuracy of the higher-order WKB formula, it has been recently proposed to use Padé approximants for the usual WKB formula [4] . Within this approach one has to define a polynomial P k (ǫ) by introducing powers of the order parameter ǫ in the righthand side of the WKB formula (17) as follows,
where the polynomial order k coincides with the order of the WKB formula. Formal parameter ǫ is introduced in the same way as in [2] in order to keep track of orders in the WKB approximation, and the squared frequency can be obtained by taking ǫ = 1,
We consider a family of the Padé approximants Pñ /m (ǫ) for the polynomial P k (ǫ) near ǫ = 0 withñ+m = k, i. e. we construct rational functions
such that
The latter yields that the representation (21) is equivalent to (20) up to the given order k, i. e. the coefficients Q 0 , Q 1 , . . . , Qñ and R 0 , R 1 , . . . , Rm can be obtained in the same way as A 2 , A 3 , . . . , A k by matching the expansion of the solution near the potential peak through the turning points. However, it is more convenient to calculate the coefficients Q 0 , Q 1 , . . . and R 0 , R 1 , . . . numerically, once the righthand side of (17) is known. Finally, the rational function Pñ /m (ǫ) is used to approximate squared frequency,
For instance, the eikonal formula
can be transformed to the following form,
In a similar manner, the WKB formula of order k,
can be transformed to the alternative forms, corresponding tom = 1, 2, . . . , k. We will refer to these expressions as Padé approximations of the order k. It is clear that, when the higher-order corrections are sufficiently small, all the alternative approximations give similar results. However, it turns out, that, in practice, whenñ ≈m, the approximation is much better comparing to the initial WKB formula. In [4] , P 6/6 (1) and P 6/7 (1) were compared to the 6th-order WKB formula P 6/0 (1). We observed that usually even P 3/3 (1), i. e. a Padé approximation of the 6th-order, gives a more accurate value for the squared frequency than P 6/0 (1) (see Sec. VI).
This approach, being introduced to the particular form of the potential (12), cannot be straightforwardly generalized for any U (x, ω) because the transformation is applied to the righthand side after the particular choice of the lefthand side in (17) . Indeed, if we add some constant to both sides of (17) and repeat the procedure, we obtain different formulas for ω 2 . Generally, we observe that such formulas give worse approximations comparing to the case (22) when the lefthand side of is precisely ω 2 . This suggests, that the simplest way to use the above improvement for the general formula (4) is adding ω 2 to both sides and replacing the polynomial on the righthand side by the corresponding Padé approximants. Nevertheless, it is possible, that the best accuracy can be achieved with a more sophisticated procedure, e. g., we can substitute U (x, ω/ǫ) into (4) and use Padé approximants on the righthand side. We believe that the best approach for the general potential can be formulated after understanding why we have better accuracy improvement when Padé approximants are used for ω 2 and not for some other quantity. However, we leave these questions to future studies.
V. RESTRICTIONS ON USING THE WKB FORMULA
Summarizing the above sections, the WKB method provides quite a simple and powerful tool for studying properties of black holes. It can be used for solving the scattering problem, which is necessary to find grey-body factors of the black hole, and for calculation of quasinormal modes. In the next section we shall see that the Padé approximation improves accuracy of the WKB approach, allowing one to calculate the astrophysically relevant quasinormal modes with practically sufficient precision.
Yet, the downside of simplicity of the approach is that the assumptions made for deducing the WKB formula impose strict limits on the range of its applicability. In particular, the WKB formula (4) cannot be applied when studying:
1. Superradiance. Owing to extracting rotational energy from a black hole, the incident wave can be reflected with larger amplitude than it had in the beginning. This phenomenon, when the reflection coefficient |R| can be larger than unity is called superradiance [19] . It can also occur with the charged scalar field in the non-rotating electrically charged black-hole background [20] . It easy to see from (6) that the reflection coefficient cannot be larger than unity for any imaginary K, implying that superradiance cannot be described by the WKB formula at least when U (x, ω) is real. The reason is the specific boundary condition at the horizon, which was not taken into account in (6) . Namely, we choose
where ω s is a constant which defines the superradiant regime (see e. g. [21] for review). In this way, in the superradiance regime (ω < ω s ) the group and phase velocities of the field have opposite signs, yielding energy extraction from a black hole. However, the choice of k − (25) implies that in the superradiance regime k − < 0, being inconsistent with the initial definition of the ingoing wave. Thus, the WKB formula (4) needs modifications in order to describe the regime of ω < ω s correctly.
2. Stability. It is easy to see in spherical symmetry from (17) that, when A 3 , A 5 , A 7 . . . describe only corrections to the eikonal value, the choice of K in (9) always leads to Im(ω) < 0, corresponding to decaying oscillations. The main reason for that is the assumption that the boundary conditions are a combination of the ingoing and outgoing waves. However, unstable modes correspond to the bound states, and the analytic continuation in this case should be done in a different way.
3. Infinitely long-lived modes. The same reason is why the WKB formula cannot be used for calculation of quasiresonances, which are arbitrarily long lived modes [22] . These modes correspond to solutions with almost zero amplitudes in the asymptotic regions [23] and, therefore, cannot be adequately described by the WKB formula. Practically, the WKB approach allows one to calculate frequencies of massive fields close to the quasiresonance regime, when the multipole number ℓ is large. Yet, for large values of the field mass, the effective potential does not have a local maximum [22] , so that the WKB expansion cannot be performed.
4. Higher overtones of the quasinormal spectrum. The analytic continuation of (4) in the complex plane works well only for |Re(ω)| |Im(ω)|, providing bad approximation for the modes with high decay rate. Usually the WKB accuracy is reasonable for ℓ > n and marginal already for ℓ = n. However, in the next section we shall see that usage of the Pade approximants can considerably improve the accuracy allowing one find even several first overtones n > ℓ.
5.
Asymptotically nonconstant potential. Some of the asymptotically non-constant effective potentials require qualitatively different boundary conditions, e. g. black holes in the anti-de Sitter universe usually require Dirichlet boundary conditions at infinity. In that case there is no sense in the WKBexpansion in the form (4) . However, in a number of particular cases, for example, when studying holographic superconductors [24, 25] , WKB formula can be applied for the asymptotically anti-de Sitter geometry, because the effective potential vanishes at infinity.
VI. HIGHER DIMENSIONS AND MASSIVE FIELDS: STRATEGY FOR THE CHOICE OF WKB ORDER AND PADÉ APPROXIMANTS
Here we will study perturbations of the Tangherlini black hole [26] of unit radius, given by the metric (10) with The radial part of the Klein-Gordon equation for the field of mass µ is reduced to the wavelike equation (1) with the effective potential
where ℓ is the multipole number and the tortoise coordinate is given by (11) .
A. Quasinormal modes of massless scalar field
We start from the massless (µ = 0) field in D = 4 dimensions. It is well known that the WKB formula gives very accurate frequencies for high ℓ and small overtone numbers. In the tables II and III we summarize accuracy of the WKB formula for ℓ = 0 and ℓ = 1. We see that the error can be very well estimated by comparing frequencies, obtained with the help of the WKB formula at different orders. The quantity ∆ k , introduced in (18) , not only allows one to find the order of the absolute error but also to determine the order, which gives the most accurate approximation for the quasinormal mode. kTABLE III. Quasinormal modes of the massless scalar field for D = 4, ℓ = 1 calculated with the WKB formula of different orders. The error estimation ∆ k = |ω k+1 − ω k−1 |/2 allows to determine the WKB order in which the error is minimal. When the number of space-time dimensions D increases, the accuracy of the higher-order WKB formula falls down quickly (see table IV), which makes the higher orders virtually not useful without the Padé approximation described in Sec. IV.
On Fig. 2 we plot the fundamental quasinormal frequency (D = 4, ℓ = 0, n = 0) obtained with the help of various Padé approximants Pñ /m . One can see that the best accuracy, within a given order k, is achieved wheñ n ≈m ≈ k/2. In [4] such kind of the approximants, P 6/6 and P 6/7 of twelfth and thirteenth orders WKB, were studied, showing much better accuracy than the sixth order the usual WKB formula [3] for a number of cases. Here we will consider possible variants of choice of parameters for the Padé approximation at a given WKB order for various configurations of a black hole and field in its vicinity, in order to understand which choice corresponds to the best accuracy.
We notice that indeed good approximations tend to gather nearñ ≈m ≈ k/2 in the great majority of cases. Nevertheless, for some values of the parameters the optimal choice of the Padé approximant occurs forñ which is much different fromm. In some cases, usually when eitherñ orm is small, Padé approximations lead to values, which lay far from the accurate value of the quasinormal frequency and, at the same time, far from the most of the values given by other Padé approximations at the same WKB order.
In order to illustrate this observation we shall use quasinormal frequencies obtained with the help of the Padé approximation given by (22) at the (k =ñ +m)-WKB order and designate this frequency as ωñ /m . Then, using ωñ /m we will construct the following quantities:
1. The central value
, ω 6/6 , and ω 6/7 , respectively, for each W KB order from 2-nd to 13-th.
Mean value for the two (for odd
In this way, for the eikonal formula we take mean of the values, obtained with the formulas (23) and (24); for the second-order approximation we take mean of all three frequencies, and for higher orders we take into account only the central values, for whichm =ñ ± 1 (odd order) orm =ñ andm =ñ ± 2 (even order).
3. The mean value of two closest frequencies, corresponding to sequent values ofm andñ
i. e., we choose such value ofm, for which the relative difference of the above frequencies is minimal.
4. The mean value of the second pair of closest frequencies, ω
k . From the table V we see that although for the dominant mode ω (c) k always provides better approximation 4.2% 0.419% 0.250% 0.372% 0.158% 7 15.9% 0.034% 0.251% 0.034% 0.522% 8 46.3% 0.114% 0.118% 0.068% 0.070% 9 130.4% 0.026% 0.110% 0.026% 0.218% 10 90.2% 0.009% 0.109% 0.013% 0.012% 11 360.3% 0.023% 0.059% 0.023% 0.108% 12 951.1% 0.007% 0.143% 0.015% 0.015% 13 2032.6% 0.011% 0.011% 0.011% 0.011% TABLE V. Relative errors for the dominant mode of the massless scalar field (ℓ = 0, n = 0) in D = 7, obtained within the same WKB order using different Padé approximants. The accurate value is ω = 1.27054 − 0.66578i. than the ordinary WKB formula, and, usually, than ω (m) k , the best approximation is given by ω (1) k . The picture is more clear if we study the first overtone (see table VI). In this case the central values ω (c) k in 12th and 13th orders [4] , give worse approximation than the ordinary WKB formula. However, the better approximation is again achieved by ω (1) k , even within the same W KB order (k = 6). We notice also, that ω (2) k sometimes provides even better approximation than ω (1) k , which means that the minimal difference cannot be taken as a universal criterium for choosing the best approximation. Moreover, if one takes the mean value of ω (1) k and ω (2) k , then such an approximation is usually better for larger k.
Thus, Padé approximants give better accuracy comparing to the ordinary WKB formula at the same order, what drastically improves the higher-order WKB approximation. However, we do not have a mathematically strict criterium for choosing the appropriate ordersñ and m, for which the approximation is the best or sufficiently close to the best one. Our empirical observation is that we have to exclude somehow the nonsense values, which appear at large distance from the others. The remaining values, laying close to each other, are spread around the accurate value of the frequency. The higher WKB order we consider, the larger number of such approximate values we can find, however, these values do not always correspond tom ≈ñ ≈ k/2. As a rule, for the dominant frequencies, the best approximation within the same order corresponds to largerm, while for higher overtones smaller values ofm provide a better accuracy.
In order to select points, which appear around the accurate value of the frequency, we consider r pairs of the closest values within each order k, where r = [(k + 1)/3]; i. e., we take ω for k = 7, 8, 9; and so on. We calculate the average of these frequencies, ω k , as an approximation of the order k and estimate the order of the error with the help of the standard deviation formula for all the values, ωm /ñ which we have used for averaging.
On table VII we see that the approach described above allows one not only to improve the accuracy of the dominant mode by one order, but also to calculate the first and second overtones with reasonable accuracy for ℓ = 0. The accuracy improvement is even larger for ℓ > 0, and, surprisingly, for D > 4. The latter is due to an interesting fact, that for large D the best accuracy is achieved by usage of the high WKB orders in combination with the Padé approximation. For the scalar field in D > 7 [29] , the best approximation can be found with the help of the WKB expansion of order 13 [4] . However, for lower numbers of space-time dimensions D, the best approximation is achieved already at lower orders. Thus, for practical purpose, it is efficient to use Padé approximants, corresponding to the lower WKB orders. This can be cru-
TABLE VII. Quasinormal modes of the massless scalar field for D = 4, ℓ = 0 calculated using Padé approximants of different orders. Standard deviation S allows to estimate the error using only values of the same WKB order. Although for n = 2 the standard deviation in the minimum is one order smaller than the corresponding absolute error, Padé approximants of order 9 still give an estimation for the frequency with the error smaller than 1%. For n = 0, 1 the Padé approximants improve accuracy by one order comparing to the ordinary WKB formula (cf. table II). cial for cumbersome potentials, when the calculation of higher derivatives is a time-consuming task.
B. Quasinormal modes of massive scalar field
Although the WKB formula cannot be used to study quasinormal modes in the quasiresonance regime [31] , we observe that the ordinary WKB formula provides a very good approximation even for large mass provided the peak is high enough, i. e. for ℓ ≥ 1. The WKB formula (17) takes into account only two turning points near the peak of the effective potential. Since the potential (26) has also a minimum to the righthand side of the peak and then grows until reaches the asymptotic value (see fig. 3 ), the accurate approach would require to take into account backscattering from that far barrier. However, as long as the asymptotical value is lower than the peak, neglecting the potential pit does not lead to a significant error.
We compare the accurate values of quasinormal modes of the massive scalar field, ω, found in [23, 32] with the approximation given by the WKB formula at each order, ω k , and calculate the relative error for the sufficiently large values of the mass, such that µ 2 V 0 . For D = 4 and ℓ = 1 (see table VIII) we observe that for small mass the best approximation is given by the 10th-order WKB formula. However, as the squared mass approaches the value of the potential in its maximum, the error of the WKB formula increases, and the best approximation is given by the lower-order formula.
For larger values of the multipole number (see table IX for ℓ = 2) higher orders of the WKB formula can be used to obtain quasinormal modes even for large values of µ. When the asymptotical value of the effective potential increases and approaches the height of the potential barrier, it seems that the best approximation is provided by the WKB formula of 4th order, leading to the relative error almost twice smaller than the 3rd-order formula [2] .
On table X one can see that the above describing averaging of Padé approximations allow one not only to considerably improve accuracy of the quasinormal modes for µ 2 V 0 , but also calculate the frequencies for µ 2 V 0 when the maximum of the potential still exists (see the potential for µ = 0.9 on fig. 3 ). Despite the WKB expansion does not take into account additional turning point the method allows to calculate the dominant frequency with surprisingly good accuracy whenever the potential has a local maximum. Although the standard deviation formula does not always suggest the WKB order, which gives the best accuracy, it usually allows to choose the WKB order, which provides quite accurate answers. Because our averaging method is based on an ad hoc choice of the values provided by different Padé approximations our estimation of the error sometimes fails to determine the correct order of error quite frequently. In some cases, the chosen values appear to be much closer to each other than to the accurate frequency, yielding the standard deviation of a couple of orders less than the actual error. That is why a certain amount of caution must be employed when choosing the appropriate WKB order in order to obtain a good approximation.
From table X one can learn that the actual error changes quite smoothly as a function of the considered parameter, i. e. the field mass. At the same time, the estimations of the error with the help of the standard deviation formula may vary a lot for some values of the parameter, leading sometimes to a wrong choice of the best WKB order for the calculation of the quasinormal mode at given value of µ. That is why, when studying how quasinormal modes depend on a parameter, it may be useful to fix the WKB order and use the standard deviation formula to control growth of the error as the parameter changes. The significant growth of the error estimation usually indicates that the considered WKB order might not provide a good approximation.
In this way we used averaging of the Padé approximations of 13th order to calculate the fundamental frequency for the massive scalar field as a function of the field mass (see table XI). Rapid growth of the error estimation indicates that for µ 0.3 the WKB approach becomes less accurate (in this case due to an additional turning point). In this particular case the standard deviation formula correctly estimates the absolute error for all µ, however, this does not happen for all WKB orders. If one considered the best order suggested by the standard deviation formula for each value of µ separately, the error estimations would be incorrect and the results would be less accurate. We believe that looking at the error estimation as a function of the parameter for each order may give a hint for the appropriate choice of the WKB order in the particular parametric range. µ 1 order 2 order 3 order 4 order 5 order 6 order 7 order 8 order 9 order 10 order 11 order 12 order 13 order 0.65 9.845% 2.689% 0.595% 0.086% 0.043% 0.027% 0.019% 0.008% 0.004% 0.004% 0.010% 0.019% 0.039% 0.66 9.819% 2.663% 0.599% 0.084% 0.044% 0.027% 0.020% 0.007% 0.005% 0.004% 0.010% 0.018% 0.037% 0.67 9.795% 2.636% 0.604% 0.081% 0.046% 0.027% 0.022% 0.007% 0.007% 0.003% 0.009% 0.017% 0.035% 0.68 9.774% 2.607% 0.611% 0.079% 0.049% 0.027% 0.024% 0.008% 0.009% 0.005% 0.010% 0.015% 0.034% 0.69 9.756% 2.576% 0.619% 0.077% 0.053% 0.029% 0.028% 0.012% 0.015% 0.010% 0.014% 0.014% 0.035% 0.70 9.740% 2.543% 0.629% 0.076% 0.060% 0.035% 0.036% 0.021% 0.025% 0.020% 0.025% 0.022% 0.044% 0.71 9.727% 2.509% 0.642% 0.079% 0.072% 0.047% 0.050% 0.038% 0.044% 0.042% 0.050% 0.050% 0.076% 0.72 9.717% 2.472% 0.658% 0.088% 0.091% 0.069% 0.075% 0.069% 0.080% 0.088% 0.108% 0.123% 0.172% 0.73 9.711% 2.432% 0.678% 0.108% 0.119% 0.105% 0.118% 0.125% 0.153% 0.186% 0.241% 0.310% 0.437% 0.74 9.708% 2.391% 0.705% 0.140% 0.163% 0.163% 0.193% 0.229% 0.299% 0.401% 0.560% 0.793% TABLE VIII. Relative error of WKB formula of each order for the massive scalar field (D = 4, ℓ = 1, n = 0). The minimal relative error is given in bold. For small mass the minimum error is provided by the WKB formula of 10th order. As asymptotical value approaches the value of peak the minimum error is provided by lower order WKB formula. For larger mass the WKB formula does not work since is does not take into account the additional turning points. TABLE IX. Relative error of WKB formula of each order for the massive scalar field (D = 4, ℓ = 2, n = 0). The minimal relative error is given in bold. For small mass the minimum error is provided by the WKB formula of the highest order. As asymptotical value approaches the value of peak the minimum error is provided by lower order WKB formula. For larger mass the WKB formula does not work since is does not take into account the additional turning points.
C. Scattering problem
Our tests of the higher-order WKB formula for the scattering of a massless scalar field show that the ordinary WKB formula (17) provides a good approximation for the transmission coefficient for any ℓ > 0.
On Fig. 4 we show that the 6th and 7th WKB orders allow one to calculate the transmission coefficient already for ℓ = 1 with the maximal error of about 0.1%. Comparison of the results obtained using different WKB orders gives a good estimation of the error again. The accuracy for higher values of ℓ is even better, so that it is possible to get a good approximation using a low-order WKB formula.
For ℓ = 0 the WKB approach described in Sec. II encounters a few problems. First, the eikonal formula does not give a good estimation for the transmission coefficient, except for large ω, when |T | 2 ≈ 1. This complicates the appropriate choice of K among the solutions to the equation (4), when the WKB order is large. Second, increasing of the WKB order does not improve the accuracy significantly. The reason is that the increasing of the WKB order leads to growing of the error for small ω, while improving accuracy for intermediate values of ω. Thus, for D = 4, ℓ = 0 the overall error for the transmission coefficient remains of the order of several percents. TABLE X. Relative error of the frequency calculated by averaging results obtained by Padé approximants of each order, from 4th to 13th, for the massive scalar field for (D = 4, ℓ = 1, n = 0). The minimal error and the minimal estimation by standard deviation formula are given in bold. We see that the error estimation works well for choosing the best order. Unlike for the ordinary WKB formula, we see that the best approximation is usually provided by higher WKB orders. One could expect that usage of the Padé approximants in a similar way as for the quasinormal modes could improve the accuracy of WKB grey-body factors as well. In order to check this assumption, we have studied solutions to the equation (22) with respect to K. It turns out that, for the equation with a given choice of the Padé approximant, it is not always possible to find a solution K which is the nearest to the eikonal one. In some cases the corresponding equation (22) does not even have any solution with vanishing real part. However, by comparing the accurate value of K with all purely imaginary solutions to all possible equations with Padé approximations of a given order, we learned that the most accurate of such solutions has smaller error than the solution obtained with the help of the ordinary WKB formula. This observation suggests that employing Padé approximants may indeed improve the accuracy of the transmission coefficient at high WKB orders. Yet, due to computational difficulties, we were limited by relatively small (4th and 5th) WKB orders, for which improvement of the accuracy is not very strong.
Unfortunately, when the coefficients in (21) depend on K, deriving the Padé approximants is a very time and memory consuming procedure at large orders. The Mathematica R built-in algorithm allows one to perform such operations for a reasonable time on a personal computer when the order is not higher than six [5] . That is why even assuming that one finds out how to select the best value for K among all the possible solutions, we doubt that such a method based on the equation (22) would be practically useful.
VII. CONCLUSIONS
We have reviewed the state-of-art of the WKB approach applied to the quasinormal modes and grey-body factors of black holes. A special attention has been given to the improvement of the WKB approach using Padé approximants suggested in [4] . We have proposed an ad hoc averaging method for the Padé approximations which enables us to calculate quasinormal modes with much better accuracy comparing to the ordinary WKB formula. Using this method we are able to calculate not only dominant, but also all practically relevant overtones of the gravitational perturbation spectra [33] with a reasonable accuracy. In addition, we can estimate an error of the approximation within a given WKB order. In the attachment to this paper we share with readers an automatic Mathematica R code [5] , which can be used for calculation of the quasinormal modes and grey-body factors of black holes using the WKB method.
The WKB approach leaves a number of essential open questions:
• We have suggested a procedure for averaging of the Padé approximations of a given order, which allows one to improve the accuracy of the WKB approximation considerably. However, this method does not always give a reliable result and neither guarantee a good estimation for the error. We believe that development of a mathematically strict and universal method of calculation of quasinormal modes based on the Padé approximation would give us a very powerful tool to study various spectral problems for black holes.
• The method of Padé approximations has been formulated only for the particular type of the effective potential, U (x, ω) = V (x) − ω
2
. Proper generalization of this approach for the arbitrary form of U (x, ω) could improve accuracy of the WKB method for axisymmetric black holes, and, perhaps, give some insights on general applicability of the WKB approach.
• While the ordinary WKB formula usually gives the best approximation at some finite order, the method of Padé approximations considerably improves the accuracy of the WKB method of higher orders. This motivates calculation of explicit expressions for the WKB corrections of orders higher than 13.
• The scattering problem for the Schwarzschild black hole can be solved using the ordinary WKB formula for ℓ > 0. In this way all physically relevant greybody factors can be computed within the WKB approach. However, for ℓ = 0 as well as for more complicated potentials the WKB formula usually does not provide an adequate accuracy. At the same time, it turns out that the straightforward using of the method of Padé approximations is a time consuming method. Besides, it is not clear how to select the most accurate solutions among the obtained values. Development of a robust algorithm for this case would make the WKB approach a universal tool for studying of black-hole perturbations.
• Another interesting question in this context is a generalization of the formulas (6) and (7) for any complex-valued potential, which would allow one to study scattering near the axisymmetric black holes with the help of the WKB method.
